We investigate the structure of the exact wave function as a solution of the Schrödinger equation, aiming the singles and doubles description of the exact wave function. The basis is that the Hamiltonian involves only one and two body operators. We first present two theorems that indicate a possibility of the singles and doubles description of the exact wave function. We then examine the exponential ansatz, as this theorem implies it to be a possible structure of the exact wave function. Variational CCS ͑singles͒ wave function is shown to be certainly exact for one particle Hamiltonian. Thouless transformation plays an important role in the formulation. The conventional CCSD ͑singles and doubles͒ function is restrictive, even if it is solved variationally. A wider coupled cluster function with general singles and doubles substitution operators ͑CCGSD͒ is also not exact for the existence of noncommuting operators. We then analyze some formal properties of the full CI wave function, and finally, we propose an ansatz of the exact wave function and describe the method of solution. It involves successive solutions of the secular equations of the order of singles and doubles. It is variational and we can calculate both ground and excited states.
I. INTRODUCTION
Solving the Schrödinger equation is not only a dream of a scientist but also has much practical utility. Exact predictions of chemical and physical properties and phenomena are our ultimate goal. Nowadays, only the full CI method is available for solving the exact wave function within a given basis set, but this method is too demanding computationally and therefore impractical even for a small system. The purpose of this paper is to search for the possibility of an easier way of solving the Schrödinger equation within singles and doubles. The basis is that the Hamiltonian involves only one and two particle operators.
We call a wave function to be ''exact'' when it satisfies the Schrödinger equation,
where H is the Hamiltonian of the system under consideration, 
͑1.2͒
and E is the energy of the system defined by ͉͗͑HϪE͉͒͘ϭ0.
͑1.3͒
The creation and annihilation operators, a r ϩ and a p , respectively, satisfy the anticommutation relation given by 
͑1.5͒
We use the indices i, j,k,l for occupied orbitals, a,b,c,d for unoccupied orbitals, and p,q,r,s for general orbitals. Therefore, a i ϩ ͉0͘ϭ0,
͑1.6͒ a a ͉0͘ϭ0.
A point quite important to be mentioned here is that the Hamiltonian is composed of only one and two particle operators. There are no elementary physical operators that involve more-than-three body interactions. Because of this simplicity, we may imagine that the exact wave function should have some simple structure, even though it is not known now, because it is an eigenfunction of such a simple operator, Hamiltonian. This is a motivation of this research. In the formulation given below, we utilize only this fact, and therefore, the argument of this paper is valid to any kind of physical systems.
It is well known that the second order density matrix ⌫ (2) (1Ј2Ј͉12) is enough to calculate all the elementary physical properties. [2] [3] [4] We have the variational method for the direct determination of ⌫ (2) . 5, 6 We also have the density equation, including only density matrices as variables, that is equivalent to the Schrödinger equation. 7, 8 These methods are based on the possibility of the singles and doubles description of quantum mechanics. The obstacle there is the N-representability, 9 but much progress has been made recently along the density equation theory ͑DET͒. [7] [8] [9] [10] [11] [12] [13] [14] A review of the DET in chemical physics has recently been summarized by the present author. 14 We now define ''necessity'' and ''sufficiency' ' 15 In this paper, the following equation plays an important role for judging a wave function to be exact, namely,
where the energy E is defined by Eq. ͑1.3͒. This equation is equivalent to the Schrödinger equation 16 in the necessary and sufficient sense and valid to both ground and excited states.
In Sec. II, we show the basic theorems that imply a possibility of the singles and doubles description of the exact wave function. As the theorem implies the exponential ansatz combined with the variational principle as a possible structure of the exact wave function, we devote Secs. III, IV, and V to the examinations of the exponential ansatz including singles and doubles excitation operators as a candidate of the exact wave function. Sec. VI gives an examination of the full CI wave function in a light of the present consideration, and in Sec. VII we give a proposal of the singles and doubles description of the exact wave function. Conclusions are given in Sec. VIII.
II. BASIC THEOREM
The theorem given below is very simple but its implication is important.
Theorem II-1. for the variations in the coefficients C p r and C pq rs , respectively, then is exact.
Proof . Applying the variational principle, Eq. ͑2.6͒ under the assumption that the variation is done only for the unknown variables C p r and C pq rs , then we get Eqs. ͑2.1͒ and ͑2.2͒ of Theorem II-1 from Eqs. ͑2.8͒ and ͑2.9͒, respectively. Therefore, is exact. ͑QED͒
The numbers of Eqs. ͑2.8͒ and ͑2.9͒ are just the same as those of the unknown variables C p r and C pq rs , respectively, included in the wave function of Eq. ͑2.7͒, so that we can determine all these unknown variables.
Theorem II-2 states that a sufficient condition for the to be exact is that it has the structure defined by Eqs. ͑2.8͒ and ͑2.9͒. The number of the variables is M given by Eq. ͑2.4͒. M is independent of the number of the electrons, N, of the system and is much smaller than that of the full CI, for which the number of variables is given by ͑for singlet͒
͑2.10͒
where () denotes binomial coefficient. This number depends not only on m but also on N and soon becomes intractably large even for relatively small systems. Theorem II-2 is a sufficiency theorem and it does not claim the necessity. This means that the space of defined by Theorem II-2 may be smaller than the real space of the exact wave function. As expected from the argument on Eq.
͑2.5͒, we note that even if we include triple, quadruple, etc., substitutions in our wave function and determine the associated variables by, e.g.,
they have nothing to do with the proof of the above theorem.
Since the wave function defined by the above theorem is exact, it should automatically satisfy several important properties, e.g., size-consistency and size-extesivity, 18 upperbound nature for the ground state, the bound-from-below nature for the excited states, and a correct behavior in the homolytic bond fission process ͑multireference type nature of the wave function 19 ͒. From Eqs. ͑2.8͒ and ͑2.9͒, one may expect that the exponential ansatz of the wave function combined with the variational principle may represent the structure of the exact wave function. We therefore examine this possibility in the following three sections. We note that the variational derivation of the cluster expansion was given by the present author in the formulation of the symmetry adapted cluster ͑SAC͒ expansion. 20 The SAC theory not only gives an accurate ground-state wave function, but also generates a set of excited functions that span the excited states. 21 The SAC-CI theory utilizes such functions for describing excited states, ionized states, and electron-attached states. [21] [22] [23] Kutzelnigg examined several different CC theories.
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III. VARIATIONAL CCS FOR THE ONE-PARTICLE HAMILTONIAN
As a simple prototype system, we consider here the system that has only one-particle term in the Hamiltonian,
The HF model Hamiltonian is an example of this system. For such system, we have the following theorem: Theorem III. For the one-particle Hamiltonian, the variational CCS wave function is exact.
Proof . The CCS wave function is defined by ϭexp͑T͉͒0͘, 
and
from the commutation rule given by Eq. ͑1.4͒ ͑see also the Appendix͒. Applying these equations to ͉0͘, we have
and then we have
͑3.12͒
Now we calculate the following quantity, which is rewritten using Table I :
The first term on the right-hand side vanishes identically by Eq. ͑3.4͒. The following three terms are also shown to vanish by using first Eqs. ͑3.10͒-͑3.12͒ and then Eqs. ͑3.4͒ and ͑3.5͒. Thus, we have shown that Eq.͑1.7͒ holds for the CCS wave function; the CCS wave function is exact for the oneparticle Hamiltonian. ͑QED͒ It is remarkable that in the CCS case, the substitution operators including the X t type operators are all transformed to the terms including only the A t type operators, and therefore, the last three terms of Eq. ͑3.13͒ become zero. This remarkable relation is derived from Eqs. ͑3.8͒ and ͑3.9͒, which are essentially equivalent to the Thouless theorem 25 for the single-determinantal wave function. Table II is transformed into the terms involving up to six-particle excitations. Actually, when X t involves a i ϩ or a a operators n times (1рnр4), the highest excitation terms in X t are (nϩ2)-particle ones. Therefore, for such X t operators, we can not have the relations like Eqs. ͑4.9͒ and ͑4.10͒, so that the integral given by Eq. ͑4.4͒ does not vanish for the CCSD wave function. Thus, the conventional CCSD wave function is too restrictive to be an exact wave function, even if it is solved variationally. In other words, it does not have the freedom associated with the substitution operators expressed by X t.
V. COUPLED CLUSTER WITH THE GENERAL T-OPERATOR
Based on the result of the preceding section, a natural next step is to examine the coupled cluster with more general T-operator. From the preceding argument, no restriction was there on the reference function, so that the simplest choice is the HF reference function ͉0͘. Then, we consider the cluster expansion with general T-operator as given by ϭexp͑T͉͒0͘, ͑5 
͑5.3͒
We refer to the coupled cluster with this general singles and doubles operators as CCGSD, where G stands for general. This function includes all kinds of substitution operators, i.e., both A t and X t given in Tables I and II, so that it is wider than the conventional CCSD wave function discussed in the preceding section. The number of the variables is M given by Eq. ͑2.4͒, which is larger than that of CCSD, but it is still of the order of singles and doubles. ␦ kl a a
The CCGSD wave function has some complex structure not in common with the ordinary CCSD. First, it includes noncommuting operators, which make CCGSD somewhat complicated. Second, the linked part of the X t operator is zero, ͉0͘, or single excitations, as seen from Tables III and IV that summarize the GSD operators applied to ͉0͘. Therefore, most of the X t part works in the form of the unlinked terms X t A t͉0͘, which has the form of the multireference coupled cluster. 19 We now solve the variables C p r and C pq rs in CCGSD by the variational method. The CC expansion is given by
Since T includes the noncommuting operators, the derivative of with respect to C p r and C pq rs is written as ͑2.1͒ and ͑2.2͒. Therefore, the variational CCGSD is not exact. Nevertheless, the CCGSD has some interesting properties as described above, so that it is worth to be studied in more detail in various situations.
VI. FULL CI WAVE FUNCTION
Full CI wave function is exact within a limited space of reference functions, but the number of the variables, M full-CI given by Eq. ͑2.10͒ is tremendously large, so that a practical application is limited only to a small system. However, full CI is practically only one method to calculate the exact wave function and offers some useful ideas for the present study. We summarize here only some aspects of the full CI that are pertinent to the present study.
The full CI wave function is written as
where ⌽ i a , ⌽ i j ab , etc., denote singles, doubles, etc., excitation configurations, and the secular equation is written as
͑6.2͒
The number of the variables ͕C I ͖ and the configurations ͕⌽ I ͖ is M full -CI given by Eq. ͑2.10͒.
Since the full CI space spanned by the configurations ͕⌽ I ͖ is complete, any functions like a r ϩ a p ⌽ I , etc., and linear combinations thereof also belong to this space. If we write such function as ⌿ K , the full CI wave function satisfies
since ⌿ K is a linear combination of ⌽ I that satisfies Eq. ͑6.2͒. Similarly, the full CI wave function satisfies
etc. As an extreme of the above case, full CI also satisfies
etc. Comparing Eqs. ͑6.7͒ and ͑6.8͒ with Eqs. ͑2.1͒ and ͑2.2͒ of Theorem II-1, we understand that the full CI must be exact, as it is. However, here, we have further Eq. ͑6.9͒ and the higher ones, and without them we cannot determine all the coefficients involved in the full CI. This may be considered to contradict with the statement of Theorem II-1 that the set of Eqs. ͑2.1͒ and ͑2.2͒ is equivalent ͑in necessary and sufficient sense͒ to the Schrödinger equation. Actually, when the wave function involves only the variables corresponding to singles and doubles, the equations corresponding to triples and highers like Eq. ͑6.9͒, etc., are unnecessary. Thus, this contradiction originates from the ansatz of the wave function. Since the ansatz of the full CI wave function includes not only singles and doubles but also triples and higher ones, we need all the equations like Eqs. ͑6.4͒-͑6.6͒.
VII. A PROPOSAL OF THE EXACT WAVE FUNCTION
As Theorem II-1 and II-2 imply that the singles and doubles description of the exact wave function should be possible, we consider in this section such a possibility.
Based on Theorem II-1 and the discussion in the previous section, we understand that when and ⌽, Since the size-consistency 18 is a necessary condition of the exact wave function, it is interesting how the present wave function satisfies this property. The origin of the size consistency is different between full CI and CC. In the full CI, it originates from the completeness of the configuration space and therefore costs expensively, while in the CC, it originates from the exponential ansatz, which causes some additional calculations of the unlinked terms in comparison with CI, but is not so expensive as far as we solve it by the nonvariational method. In the proposed method, the origin of the size consistency is not like full CI, but should be similar to that of the CC. From the requirement that the expansion of Eq. ͑7.15͒ has a structure similar to the CC expansion, the coefficients i C p r and i C pq rs must be able to become complex numbers.
As the proposed method is variational, the solution would approach the exact wave function asymptotically from above. Since the choice of the starting function 0 is arbitrary, we may choose the CCSD as 0 . Such a choice would shorten the iteration times more than the choice 0 ϭ͉0͘. ͓For example, when 0 ϭ full-CI , the calculation converges at once as seen from Eqs. ͑6.7͒-͑6.9͒.͔ When converged, the aimed ͑ground͒ state is exact and the associated excited states obtained simultaneously satisfy the orthogonality and the Hamiltonian-orthogonality with the ground state, important necessary conditions for the excited states. This relation between the ground and excited states is very similar to that between the SAC and SAC-CI wave functions for the ground and excited states, respectively, for-mulated originally by the variational method. 21 More details of the ICIGSD method will be published in the near future.
VIII. CONCLUSION
This paper presents a progress report of the author's research aiming the exact wave function within singles and doubles. A conclusion of this paper is that the singles and doubles description of the exact wave function is possible. This is a consequence of the fact that the Hamiltonian involves only one and two body operators. Theorem II-1 is the necessary and sufficient theorem and Theorem II-2 describes a sufficient condition. In the search for the exact wave function within singles and doubles, it is very important what ansatz of the wave function do we take.
We have examined the variational exponential ansatz because Theorem II-2 implies it as a candidate of the structure of the exact wave function within singles and doubles. The variational CCS for one-particle Hamiltonian is certainly shown to be exact, while the conventional CCSD cannot be exact because first it is not variational and second the operator space is too restrictive in the sense that it does not include X t type substitution operators. When we include both A t and X t type substitution operators in the coupled cluster ansatz, we obtain CCGSD ͑GSD stands for general singles and doubles͒ wave function. However, the variational CCGSD is also not exact because of the noncommuting nature of the substitution operators involved.
We then analyzed some formal aspects of the full CI wave function and summarized the properties pertinent to the present study. In Sec. VII, we have proposed an ansatz of the exact wave function that satisfies Theorems II-1 and II-2, and described the method of solution. It involves a successive solution of the secular equation of the dimensions of singles and doubles, instead of solving once a giant matrix of the dimension of M full-CI of the full CI method. This method is called ICIGSD method and we can calculate both ground and excited states.
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APPENDIX
We here derive the commutation relation between a c , a k ϩ , and exp(T) with T being the sum of the singles and doubles of the A t type of Tables I and II where is the CCSD wave function, ϭexp(T)͉0͘.
